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An important subclass of D-branes on a Calabi-Yau manifold, X , are in 1-1 correspondence with objects
in D(X), the derived category of coherent sheaves on X . We study the action of the monodromies in Ka¨hler
moduli space on these D-branes. We rene and extend a conjecture of Kontsevich about the form of one
of the generators of these monodromies (the monodromy about the \conifold" locus) and show that one
can do quite explicit calculations of the monodromy action in many examples. As one application, we
verify a prediction of Mayr about the action of the monodromy about the Landau-Ginsburg locus of the
quintic. Prompted by the result of this calculation, we propose a modication of the derived category which
implements the physical requirement that the shift-by-6 functor should be the identity. Boundary Linear
σ-Models prove to be a very nice physical model of many of these derived category ideas, and we explain
the correspondence between these two approaches
Introductionsec:intro
Consider Type II string theory compactied on a manifold X . When the \radius" of the compactication
manifold, X , is large, D-branes can roughly be thought of as objects wrapped around cycles C ∈ X , equipped
with some extra data (a vector bundle on C). A more precise characterization would consist of constructing
the explicit boundary state, which is rarely possible, unless the conformal eld theory corresponding to
compactication on X is rational.
If we set our sights lower, D-brane charge, in this large-radius limit, is precisely characterized by the
K-theory of X . Away from the large-radius limit, the group of D-brane charges is still a discrete abelian
group, but its precise characterization is somewhat elusive. By way of creeping up on such a characterization,
we can study the automorphisms of the group of D-brane charges (the K-theory of X) induced by traversing
an incontractible loop in the moduli space of compactications on X . Since such a loop may probe deep
into the nongeometrical (\stringy") regime, we implicitly learn something about the stringy generalization
of K-theory.
It is particularly interesting to study these monodromies in the case when X is nonsimply-connected.
Torsion phenomena distinguish K-theory from (co)homology, and hence can modify the naive picture above,
even in the large-radius limit. In Distler-Brunner:Torsion,Distler-Brunner:TorsionII, we studied D-branes on
nonsimply-connected Calabi-Yau manifolds, X , and the monodromies of the group of D-brane charges as
one moves in the moduli space of compactications on X .
Here we would like to rene the picture presented in Distler-Brunner:Torsion,Distler-Brunner:TorsionII
by studying the action of the monodromies on the D-branes themselves, not just on the group of charges.
To do this we make use of the proposal of DoFiRoI,DoFiRoII,Douglas:Categories that a class of D-branes
on X can be described as objects in D(X), the (bounded) derived category of coherent sheaves on X . It is
certainly not true that all, or even most D-branes on X can be described this way. The ones which can are
the B-type branes which are related to D-branes in the B-type topological string theory on X .
These form a nice subclass of B-type branes which is, moreover, carried into itself by the action of the
monodromies. As proposed by Kontsevich and elaborated upon by Horja,HorjaII and Thomas:MirrorBraid,
Seidel-Thomas:Braid, the monodromies act on these D-branes by auto-equivalences of the derived category.
We will review Kontsevich’s formula of the monodromy action on the derived category and will propose
two modications of his proposal. One will correct the grading, so that the D-branes which become massless
at the (mirror of the) conifold point are invariant under the conifold monodromy (as we expect to be the
case, since there is a local eld theory description of the physics near the conifold if one introduces these
D-branes as fundamental elds in the action).
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The second modication will be required to take account of the physics of nonsimply-connected Calabi-
Yau manifolds.
We will check these proposals by doing some explicit computations of D-brane monodromies on some
simple Calabi-Yau manifolds. We will treat in detail the case of the quintic in 4 and the orbifold of the
quintic by a freely-acting 5 symmetry.
We will nd explicit formul for the monodromy action on wrapped D6-, D4- D2- and D0-branes. Among
other things, we will verify a prediction of Mayr Mayr:McKayCorresp about the orbit of the D6-brane under
monodromy about the Landau-Ginsburg point.
However, in doing this explicit computation, we encounter a surprise, namely that the 5th power of the
Landau-Ginsburg monodromy is not the identity in the derived category. Rather, it is equal to the shift-by-
12 functor. In §sec:NewCategory, we propose a modication of the derived category which implements the
physical requirement that the shift-by-6 functor is an isomorphism. In this modied category, M5LG '. We
propose this modied category as the correct category for B-type topological open strings. The new category
has more isomorphisms, and hence fewer isomorphism classes (thus fewer D-branes). This resolves a puzzle
Douglas:Categories about the correspondence between the topological and the physical open string theory.
We may regard the derived category computations of the monodromies as mathematical \predictions"
for the behaviour of D-branes as we traverse an incontractible cycle in the moduli space. To get a physics
\verication" of these predictions, we need to specialize still further.
An interesting subclass of D-branes consists not of complexes of arbitrary coherent sheaves, but of
objects in the derived category which are (quasi-isomorphic to) complexes of direct sums of invertible sheaves
(holomorphic line bundles). While this subclass doesn’t have a nice categorical structure, it nonetheless may
be realized using boundary linear σ-models. That means that we can use physical techniques to study the
monodromies.
We introduce Boundary Linear σ-Models, in a formalism closely related to that of Hellerman-McGreevy:Toolshed,
and we show that there is a 1-1 correspondence between BLσM data and objects in the derived category of
the above form. Moreover, we argue that certain identications on objects in the derived category, induced
by the quasi-isomorphisms discussed in §sec:Object simplication, can be understood as deformations of the
corresponding BLσM. These deformations lead, in the infrared, to identical BCFTs. Finally, we discuss to
what extent we can recover the monodromies predicted by the derived category using the BLσM.
The Derived Category In this section, we review derived categories. The main purpose of this section
is to set up our notation. By no means is it intended to give a thorough review on the subject. For more
rigorous treatment, see Gelfand-Manin.
Construction of the Derived Category We start with an Abelian category, A. Examples of abelian
categories { the ones which will be of most use to us { are the category of abelian groups, the category of
nite dimensional vector spaces, and the category of coherent sheaves on a manifold X .
For a given Abelian category A, one can construct several categories induced from it. The rst category
we will consider is Kom(A), the category of complexes over A. Objects of Kom(A) are complexes in A and
morphisms are chain maps. A complex E in A is a sequence of objects and morphisms in A equation E :
· · · cn−1EncnEn+1cn+1 · · ·
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